Coupling between electromagnetism and gravity, manifested as the distorted Coulomb field of a charge distribution in a gravitational field, has never been observed. A physical system consisting of an electron in a charged shell provides a coupling that is orders of magnitude stronger than for any previously-considered system. A shell voltage of one megavolt is required to establish a gravitationally-induced electromagnetic force equal in magnitude to the force of gravity on an electron. The experimental feasibility of detecting these forces on an electron is discussed. The effect establishes a relation between Einstein's energy-mass equivalence and the coupling between electromagnetism and gravity.
Introduction
Coupling between gravity and electromagnetism through the deflection of light around a massive object is a well-known effect. It was made popular by Einstein, who correctly predicted the angle of deflection of starlight around the Sun during a solar eclipse, verifying his general theory of relativity [1, 2] . A less familiar example of coupling between gravity and electromagnetism is the distortion of electromagnetic fields in the presence of a gravitational field. The fields of point charges bend under the influence of gravity. This can be established by inspecting the fields of accelerating OPEN ACCESS charges (Reference [3] , Equations (14.13) and (14.14) ) and applying the equivalence principle [4] , which implies that the fields of a point charge at rest in a uniform gravitational field of strength are identical to the fields of a point charge at rest in a uniformly-accelerating frame with upward acceleration . The electric field lines are found to droop similar to the branches of a tree, and there is no magnetic field [5] . As a result, two neighboring charges held at equal heights experience a component of force in the vertical direction, as pointed out by Boyer [5] . This type of coupling between gravity and electromagnetism has never been observed. Therefore, can gravity have an appreciable effect on electromagnetism? Griffiths pointed out that for two charges of opposite sign, electrostatic levitation, due to coupling between gravity and electromagnetism, is in principle possible, but experimentally inaccessible [6] . Rohrlich [7] and Boyer [5] have also stated that the distortion of the Coulomb field in a gravitational field is too small to be measured. To investigate this question, we consider an electron because it has a large charge-to-mass ratio, and instead of a second charged particle, we use a uniformly-charged spherical shell to increase the Coulomb energy. This system of an electron in a charged shell is depicted in Figure 1 . It will be shown that there is an upward force on an electron positioned at the center of a positively-charged shell in the presence of a uniform gravitational field. This electric force can be made equal in magnitude to the gravitational force on the electron at a shell voltage of approximately 1 MV. Moreover, the electric force is gravitationally induced, and the balance is unaffected by the magnitude of the gravitational force. This feature distinguishes this phenomenon from others, such as magnetic, electric, acoustic and other forms of levitation [8] [9] [10] . Given that the observation of the free fall of electrons has been reported [11] , it is clear that a demonstration of the coupling between electromagnetism and gravity in which the free fall of electrons is affected could be within reach experimentally. Figure 1 . Shell-charge system in a uniform gravitational field. This figure is an artistic representation of the effect of gravity on the electric fields of the shell. The electric field lines of the charged shell are shown in green, and equipotential lines are indicated in blue. The field inside the shell is much weaker than the field on the outside. The field lines on the inside convey the fact that, due to the presence of a uniform gravitational field, a uniform, vertical electric field is induced inside the shell [12] . Outside of the shell, the field lines droop downward. An electron (central white spot) is placed in the uniformly-and positively-charged shell (copper-colored sphere). At a shell voltage of about 1 MV, the electron will experience an upward, gravitationally-induced electric force that is balanced by its gravitational force.
Starting from basic concepts, the model system is described, and an experiment is proposed in this paper. The following section will focus on the effect of gravity on electromagnetic fields. Section 3 investigates the interaction between two charged particles, referred to as an electric dumbbell [5, 13] . This dumbbell model is extended to our proposed charged shell-electron system in Section 4. Our derivation is consistent with the self-force of a shell alone, which has been treated by Griffiths [13] . It will be shown that the classical calculation of the self-force for the proposed system exhibits the well-known 4/3 problem associated with the classical model of the electron [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . This is expected, given that our charge distribution is spherically symmetric [26] . In Section 5, a brief historical account of this problem is provided. The experimental complication of charge redistribution is discussed in Section 6. Additionally, in Section 7, we discuss the experimental feasibility of observing a coupling between gravity and electromagnetism.
A Point Charge
In the absence of gravity, the electric field of a point charge is simply a Coulomb field. However, in the presence of a gravitational field, the Coulomb field becomes distorted. To describe this distortion, we first consider the "very strong principle of equivalence", which states that "for every pointlike event in space-time, there exists a sufficiently small neighborhood such that in every local, freely falling frame in that neighborhood, all the laws of physics obey the laws of special relativity" [4] . This implies that laboratory size experiments performed in a uniformly-accelerating reference frame with upward acceleration are indistinguishable from the same experiments performed in a non-accelerating reference frame that is in a uniform gravitational field of strength . Therefore, the Liénard-Wiechert potentials for an accelerating point charge can be used to calculate the electromagnetic fields in an inertial frame, and the result can be extrapolated to a charge at rest in a gravitational field. The general expressions for the electromagnetic fields of an accelerating point charge calculated from the Liénard-Wiechert potentials are:
where is the unit vector pointing from the source point to the field point, is the particle velocity divided by , the speed of light, is the distance from the source point to the field point and is the retarded time [3] . Gaussian units are used in Equation (2.1), and they will continue to be used throughout the manuscript.
The gravitational field at the surface of the Earth is weak, static and nearly homogeneous across short distances. In this approximation, the field Equation (2.1) was used by Boyer to derive the electromagnetic fields of a point charge located at the origin of its rest frame in a uniform gravitational field to first order in g [5] . The magnetic field is zero, and the electric field is:
In the derivation of Equation (2.2), the approximation to hyperbolic motion, β , is used [5] .
A plot of the electric field in Figure 2 provides a qualitative indication of how a gravitational field distorts the Coulomb field of a point charge [27] . 
An Electric Dumbbell
Now that we have a description of the electric field due to a point charge in a gravitational field, a second, identical particle is added to create an electric dumbbell. The electric dumbbell will be examined as a precursor to the system of interest, that is a charged particle inside a charged shell. In that system, each surface charge element of the shell, along with the central charged particle, form an electric dumbbell. A simple overview of the dumbbell is presented here, but the reader is referred to Boyer [5] and Griffiths [13] for detailed treatments of the system.
The electrostatic potential energy of the dumbbell is / , where is the charge of each particle and is their separation distance. Einstein's famous energy-mass equivalence relation suggests then that the mass of the two-particle system exceeds that of the sum of the two individual masses, by an amount:
If the dumbbell is placed in a gravitational field, the weight of the system will include a contribution from this interaction mass. It follows from the equivalence principle that the inertial mass of the system is also affected [4] . In fact, a recent experiment gave "the most precise direct test" of energy-mass equivalence of inertial mass using nuclear binding energies and atomic mass differences of different isotopes [28] .
For the electric dumbbell, the electromagnetic forces between the two particles are no longer equal and opposite, but rather, there is a net force of the dumbbell on itself. For a dumbbell with horizontal orientation relative to the direction of the gravitational field, each individual point charge will experience a vertical component of force as a result of the distorted Coulomb field of the other charge (Figure 3) . The vertical force experienced by one charge, ̂ ̂, is equal to:
where ̂ is taken from Equation (2.2) with 0 and . The entire system of two charges will then experience twice this force, effectively increasing the weight of the system by exactly the amount predicted by the energy argument. Thus, as Boyer showed, the increase in the weight of the system due to the interaction mass can be understood as the mutual electric forces between the charges [5] .
If an arbitrarily-oriented dumbbell composed of different charges, and , is accelerated, the total self-force is given by • • , where is the direction of the dumbbell axis and is the acceleration [13] . Defining to be the angle makes with , the component of parallel to the acceleration ,
is the purely inertial term from which the interaction mass, 1 cos , is obtained. The force-derived interaction mass is dependent on the orientation of the dumbbell. The forces experienced by the two charges can also be considered separately. The electric field Equation (2.2) is modified to describe the field of a point charge positioned at an arbitrary position , , ′ :
Taking only the field component parallel to the gravitational field, ̂, and expressing it in terms of the separation ′ ′ ′ / and angle , where ′ cos , the force on one charge due to the other, ̂, is:
The first term is the vertical component of an undistorted Coulomb field, and the second term gives the first-order correction to the Coulomb field in a gravitational field. When considering the force on the other charge, the angle must be replaced with . Thus, in a calculation of the total self-force of the system, the contribution of the first terms will cancel in accordance with Newton's third law. Once again, we arrive at Equation (3.3) for the self-force of the dumbbell system. , follows from the energy mass equivalency. Boyer provided a force picture where the force due to curved field lines gives the same mass [5] . Only the field line connecting the two particles is depicted here. Each charge experiences both the downward gravitational force and the downward electric force.
A Point Charge in a Charged Shell
Consider a spherical charged shell with a single charged particle at the center in a gravitational field. The electrostatic potential energy of the shell-charge system is found by calculating the work necessary to move the charge from infinity to the center of the shell. Taking the radius of the shell to be and ignoring the energy needed to construct the shell, the electrostatic potential energy and energy-derived interaction mass of the system are:
where is the total charge of the shell. Following the same procedure as for the dumbbell, we switch to a force argument, where the system is placed in a gravitational field. The central charge and each infinitesimal charge element ρ on the sphere's surface constitute an electric dumbbell as described in the previous section. The vertical force on an infinitesimal charge element due to the central charge is given by:
where the field Equation (3.4) has been expressed in spherical coordinates. The spherical coordinate system is depicted in Figure 4 . For a uniformly-charged shell, is constant, and integration over the shell gives the total force on the shell due to the central charged particle:
Likewise, the vertical force on the particle due to an infinitesimal charge element on the shell is given by:
Integration gives the total force on the particle due to the shell: . In the Appendix, the electric field is calculated along the entire vertical axis inside the shell, not just at the origin. The field is found to be constant for the entire vertical axis. Eriksen and Grøn have obtained the same result for the field using a different technique [12] . They show that the field is uniform throughout the entire interior of the shell to first order in . Coordinate system for the charged-shell charged-particle system. The particle (blue point) is positioned at the origin, which coincides with the center of the shell. The position of the area element of the shell is defined in terms of the angles θ and φ and the radius of the shell R. Gravity is in the negative direction.
The force on the shell, , is identical to the force on the charged particle, , and the total self-force of the system is:
This result can also be obtained by using Equation (3.3) to calculate the self-force of the shell-particle system where the angle becomes θ and the integral is taken over the surface of the shell. The self-force-derived interaction mass of the shell-charge system is:
which follows from Newton's second law. However, a problem arises as we see that the force-derived mass is 4/3 that of the energy-derived mass.
The "4/3" Problem
In its early stages of development, particle electrodynamics consisted of macroscopic descriptions of particle-particle interactions (Coulomb's law) and electromagnetic fields produced by charged particles and current sources (Maxwell's equations). The work of Lorentz advanced the theory with a description of how charged particles respond to electromagnetic fields given by the famous expression [14] . Lorentz's goal was to account for macroscopic phenomena of electrodynamics in terms of the microscopic behavior of electrons and ions. His work, along with that of Abraham [15] , even attempted to account for the structure of the electron. Their "classical" model of the electron consisted of a rigid spherical shell of uniformly-distributed charge density. However, several problems were soon identified with this model. Most relevant to our discussion is the 4/3 problem. Similar to the calculation for the charged particle in a charged shell system studied in the previous section, there is a 4/3 discrepancy between the self-force-derived mass and the energy-derived mass of the classical electron. We refer the reader to Griffiths for the detailed calculation [13] . Pearle has shown that by accounting for the proper time of each infinitesimal charge element in the self-force calculation, the 4/3 problem is resolved [16] . However, his calculation only applied to the special case of a spherically-symmetric shell. More recently, Ori and Rosenthal extended Pearle's method to any charge configuration [17, 18] . In the point-particle limit, they obtain Dirac's covariant relativistic expression for the self-force of a point particle [19] .
There also exists a 4/3 problem for the ratio of momentum-derived mass and energy-derived mass for the classical electron. This should not be confused with the self-force 4/3 problem under consideration thus far. Poincaré [20] and Rohrlich [21, 22] each proposed an origin and corresponding resolution to the 4/3 problem for momentum-derived mass. Despite much debate regarding which of these resolutions is correct, it seems that there is no real incompatibility between them [13] . For our present discussion, the 4/3 factor [29] does not affect our conclusion.
The Complication of Charge Redistribution
So far, the material used to construct the spherical shell in the proposed model has not been specified. Experimentally, a convenient material is metal, because it is straightforward to apply a constant potential. However, if a conducting material is used, free charges will move under the influence of gravity, and there will no longer be a uniform charge distribution, as assumed in the analysis of the shell-charge system in Section 4. Thus, in this section, we consider the effect of gravity on the charged particles themselves rather than their fields.
A classical electrostatics description of a metal shell in a uniform gravitational field indicates that the conduction electrons will move in response to the gravitational field until the net force on them is zero. The shell is an equipotential surface after this sedimentation of electrons, and the total potential, which includes the electric and gravitational potentials, is a solution to Laplace's equation. The details of the calculation can be found in the Appendix, Section A2. Inside the cavity of the shell, the electric field is found to be:
This field exerts a force on an electron that exactly opposes the force of gravity. Thus, a free electron inside the cavity feels no net force. Schiff and Barnhill obtained the same result for a metal drift tube using a quantum mechanical formalism [30] .
A more thorough description of a conductor in a uniform gravitational field, given by Dessler, Michel, Rorschach and Trammell, includes the differentially-compressed lattice of positive ions in the metal, in addition to the sedimentation of conduction electrons [31] . Just as in the classical electrostatics approach, the metal surface is an equipotential surface. The reader is referred to [31, 32] for the full calculation. The resulting "compression" electric field inside the cavity of the shell is:
where is the atomic mass and is related to the material properties; specifically, it is regarded as the ratio of the elasticity modulus of the electron gas to that of the metal as a whole [31] . Dessler et al. estimated that the field inside a copper shell would be five orders of magnitude larger than the field predicted by Schiff and Barnhill and in the opposite direction [31] . A more modern prediction of for copper estimates that the field is 1500-times larger than the Schiff and Barnhill field and in the same direction [32] . The Dessler et al. field, given in Equation (6.2), is regarded as essentially correct; however, the values of are not fully understood theoretically [32] .
This analysis of the gravitationally-induced electric field inside the cavity of a spherical conducting shell has not explicitly included coupling between gravity and electromagnetic fields. However, this is not expected to change the resulting field, because the condition of an equipotential surface must hold. Another feature of the electric field inside a conductor is that it is independent of the charge on the shell. This also results from the equipotential condition. Regardless of the total charge of the shell, the free charge will always redistribute in such a way so that a state of equilibrium is attained.
Establishing a uniform charge distribution is necessary if the resulting electric field inside the shell cavity is to be solely due to coupling between gravity and electromagnetism (i.e., curved field lines), as presented in Section 4. The preceding discussion of conducting shells suggests then that an insulating material, in which all charges are bound, should be used.
The Feasibility of Electron Free-Fall Experiments
We propose that a uniformly-charged, spherically-symmetric shell could be used, in principle, to demonstrate coupling between gravity and electromagnetism. The electric force on an electron, due to shell charge , along the vertical axis of the shell in a gravitational field is:
where we have corrected the coefficient to account for the 4/3 problem. To reach a force equal in magnitude to the force of gravity on an electron, a shell voltage of:
is required. The coupling of gravitation and electromagnetism has been suggested by Griffiths as a means to levitate a dipole [6] . Griffiths' dipole is equivalent to the electric dumbbell in Figure 3 , except that the two point masses have equal, but opposite charge. As a result of being oppositely charged, the electric forces are directed upward, opposing the gravitational forces. Thus, levitation, where the electric force exactly balances the gravitational force, is, in principle, possible. In such a system, the levitation condition is dependent on the dipole separation. For dipole charges of and a total mass twice that of an electron, levitation requires a separation distance of 1.4 10 m, half the classical electron radius. As Griffiths pointed out, this system is not experimentally accessible. The reason is that in an electron scattering experiment, the electrons stay within a distance of 10 m for only ⁄~1 0 s, in which time the effect of gravity cannot be measured with any current technique.
Pushing two electrons together in a trap to a distance of 10 m requires trapping fields of 1 MV/ 10 m and is also not experimentally accessible. Boyer also points out the difficulty in measuring the coupling between gravity and electromagnetism where the fractional distortion of the Coulomb field is on the order of 10 on Earth [5] . Even on a neutron star where ~10 m s ⁄ , the fractional distortion is still only 10 .
Realizing the charged-shell-electron system in the lab is less daunting, although still very challenging, as it would require the ability to observe electron free-fall. At the surface of the Earth, an electron experiences a gravitational potential gradient of 5.6 10 eV/m . In a free-fall experiment for which the gravitational force on a single electron is dominant, all electric and potential gradients must be reduced to below this level.
Fairbank's Experiments
William Fairbank and Fred Witteborn were the first to attempt an electron free-fall experiment [11, [33] [34] [35] . Their experimental apparatus consisted of a vertical drift tube surrounded by a guide solenoid. A pulsed tunnel cathode at the bottom end of the tube served as the source of electrons. An electron multiplier positioned at the top enabled time-of-flight measurements from which the vertical force on the electron could be extrapolated. In addition to gravity, an adjustable vertical force was applied by passing current, vertically, through the drift tube walls. Variations in the work function across crystalline patches on the copper surface of the drift tube were expected to cause potential gradients on the order of 10 to 10 V/m [34] . However, electron time-of-flight measurements indicated that all electromagnetic potential gradients were reduced to below 10 eV/m when the apparatus was cooled to below 4.5 K. This apparent reduction in potential variations was an unexpected result, but it turned out to be crucial for the success of the Witteborn-Fairbank (WF) electron free-fall experiment.
The results of the WF experiment were consistent with the presence of only one force, that of the applied electric field, acting on the electrons in the free-fall region of the drift tube. In the absence of an applied field, they measured a field value of zero to within 6 10 V/m [35] . Apparently, the gravitational force was cancelled by some other effect. This result was consistent with the prediction of Schiff and Barnhill that conduction gas electrons in a vertical metal tube would experience sedimentation resulting in an electron density gradient [30] . They calculated a resulting field of / directed downwards. This is the same field found for the shell in Equation (6.1).
Following publication of the WF results, Dessler, Michel, Rorschach and Trammell used an alternative treatment to calculate the gravitationally-induced electric field in metal. As discussed in the previous section, they considered the differentially-compressed lattice of positive ions in the metal, in addition to the sedimentation of conduction electrons [31] . Their result differed from that of Schiff-Barnhill in direction and by about five orders of magnitude; however, it did reduce to the Schiff-Barnhill result in the case of an incompressible lattice [31] . For copper, the Dessler et al. calculation predicts fields on the order of ~10 V/m [31] . Although there was no experimental evidence for this effect at the time, it seemed conceivable that these fields were simply being shielded by the same effect that was shielding the patch fields [11, 31] .
To better understand the apparent surface shielding observed in the WF experiment, the same apparatus was used to conduct free-fall experiments at temperatures ranging from 4.2 to 300 K [36] . At 300 K, the field was measured to be 7 10 V/m. A sharp transition in the field strength occurred below 4.5 K. At 4.2 K, the field was found to be smaller than 2 10 V/m, which was claimed to be consistent with the earlier measurement of 6 10 V/m. At the time of publication of these results, Lockhart et al. assumed that surface electrons on a layer of copper oxide ~20 Å thick on the inner surface of the drift tube were responsible for the shielding effect. However, there was, and still is, no theoretical model for this highly temperature-dependent shielding effect.
The possibility of a low-temperature shielding layer had been suggested by John Bardeen during an invited session of an American Physical Society meeting in 1968 [34] . Later, he proposed that an oxide layer on the surface undergoes a phase transition to a metallic state at 4.2 K, resulting in a positive surface charge and a two-dimensional conducting layer. The phase transition causes surface electrons to all come to the same electrostatic potential, and as a result, the fields outside the surface layer are reduced by several orders of magnitude. The reader is referred to [34] for a full account of Bardeen's proposal.
The shielding effect, on which Fairbank's electron free-fall measurement depends, has never been experimentally reproduced or theoretically understood, bringing into question the result [32] . However, in this context, it is interesting to note the results of Deslauriers et al [37] . In experiments using trapped atomic ions as entangled quantum states, heating of trapped ions has been identified as an important source of decoherence. Deslauriers et al. found that cooling the trap electrodes from 300 K to 150 K resulted in a drop in ion heating by an order of magnitude or more. They state that, "these observations provide direct evidence that anomalous heating of trapped ions indeed originates from microscopic patch potentials, whose fluctuations are thermally driven and can be significantly suppressed by modest cooling of the electrodes" [37] . This result may be related to the "shielding" effect seen by Fairbank.
Modern Advancements in Technology
The WF experiments used electrons with energies less than 10 eV. Detection of single electrons was achieved with an electron multiplier. Counts were stored according to the elapsed time and recorded in intervals of 2.5 ms [11] . For an electron with energy equal to 10 eV (velocity 5.9 m/s), the change in time-of-flight due to the force of gravity over a vertical flight path of 1 m is 34 ms. We consider now the feasibility of conducting an electron free-fall experiment with modern technology. Recent advancements are capable of providing much higher temporal resolution, making it possible to work at much higher electron energies than were used in the WF experiment. In fact, the effects of ambient fields could be reduced to the point that the unexplained shielding of patch potentials, which was never reproduced [32] , would not be needed.
Consider an electron with energy 10 eV (velocity 1.9 10 m/s). While it can be experimentally challenging to work with electrons at this energy, there are, for example, electron-molecule collision experiments that readily operate at or near this regime [38] . In the absence of any force, a 1 MeV electron would take 53 μs to travel 1 m. Now, consider this same electron at the Earth's surface. The expected change in time-of-flight due to the force of gravity over 1 m is 0.74 10 s. Thus, any experiment designed to detect the force of gravity on a 1 MeV electron must have resolution better than a picosecond.
This resolution may be accessible, as fast sources capable of delivering sub-100 fs pulses with <1 electron/pulse have been demonstrated [39, 40] . Electron detectors currently on the market can reach a resolution of 30 ps [41] . However, detection schemes that use ultrafast phenomena in nanoscale structures allow for electronic switching times of 1 fs [42] . Plasmonic antennae (arrays of gold nanorods) have been shown to have an optical response faster than 20 fs [43] . It has been proposed that such a device, which exhibits near-field enhancement of the electric field, could be used as a femtosecond electron switch [43] . A system composed of a fast electron source and a femtosecond electron switch in conjunction with a standard multichannel plate could provide temporal resolution on the order of 100 fs. Furthermore, at 1 MeV, the electron's velocity would be about two orders of magnitude above the expected shift in velocity due to patch potentials.
There is an additional complication in using a 100 fs pulse; the Heisenberg uncertainty principal dictates that it must have an energy spread no smaller than 3.3 MeV. To select a smaller energy spread, electron pulse compressors are becoming available with appropriate pulse duration, but currently, they only work at high (>keV) energies [44] . Nevertheless, it may be possible to use laser pulses to select the electron flight time and reach a high time resolution [45, 46] . Thus, advances in technology since the WF experiment could eliminate dependence on the surface shielding effect, and now may be the time for electron free-fall experiments to be reconsidered. Such free-fall experiments may serve to investigate the Dessler et al. field (Equation (6.2)), including the values of , which are not well understood theoretically.
Anticipated Difficulties
Charged particles readily couple to their environment through electric and magnetic fields, their gradients, radiation and residual gas scattering [32] . All of these interactions must be considered in the design and analysis of any free-fall experiment. The work in [32] provides an in-depth study of these experimental problems in the context of the WF experiment, including the complication of charge redistribution discussed in Section 6. In this work we propose to use 1 MeV electron energies, as opposed to the ~10 eV energies used in the WF experiment. Here, we reconsider two of the experimental requirements considered by Darling et al. that illustrate the point that higher energies are much easier to work with.
Collisions with residual gas particles can significantly affect time-of-flight measurements; thus, adequate vacuum pressures must be attained, such that the mean free path, , of the electron is greater than the length of the drift tube, where σ is the cross-section and is the residual gas density. The cross-section for 1 MeV electrons interacting with nitrogen gas is 9.85 10 cm [47] . For a drift tube length of 1 m and temperature 300 K, the pressure, , must be less than 10 Torr, where is the Boltzmann constant. This pressure is readily attainable and much higher than the pressure of 10 Torr required in the WF experiment. A solenoid magnetic field was used by WF to guide electrons down the axis of the drift tube, thus eliminating the effects of image charges. In order to limit interactions with magnetic field gradients, they used only electrons in the ground Landau state [11] . To load the lowest Landau state, a pinhole aperture can be used at the entrance to the uniform magnetic field region, such that its diameter (and thus, the width of the electron wave packet) matches the width of the lowest Landau state [48, 49] . Thus, the projection of the electron wavefunction onto the ground Landau state is maximized. The separation between the electron source and the pinhole must also be chosen so that the pinhole is coherently illuminated [50] . For a 1 MeV electron and aperture diameter of 100 nm, the lowest Landau state can be loaded maximally for a source to aperture distance of 10 μm and magnetic field 3.6 . These parameters can be experimentally attained with current technology.
As discussed in Section 6, gravity causes charges in a conductor to redistribute. The resulting compression field, given in Equation (6.2), would effectively mask the electric field due to the gravitational deflection of electric field lines. Thus, it may be necessary to use an insulating shell in the proposed experiment. Placing 1 MV on an insulating shell is a regime that to our knowledge has not yet been explored. The very fact that charges are not free to move on an insulator makes establishing a uniform charge distribution experimentally difficult. Whether or not it is possible to achieve highly uniform charge distributions on insulating materials is unknown to the authors at the time of writing this manuscript. Control parameters are likely to include the shape, surface preparation and size of the sphere. It is clear that some experimental feasibility study is necessary before embarking on the full proposed experiment.
Conclusions
While the classical coupling mechanism between gravity and the fields of a charge distribution is theoretically well established, no experiments have been performed to confirm the coupling. The proposed system of an electron inside a uniformly-charged shell increases the strength of the coupling significantly as compared to previously-discussed physical systems. The charged shell would affect the free-fall acceleration of electrons by an amount of . This means that if electron free-fall can be observed, as previously reported by Fairbank et al., the effect of the coupling is also within experimental reach. Previous free-fall measurements relied on an unexplained shielding effect. The development of new ultrafast electron technology appears to remove the need to rely on this shielding effect. In contrast to earlier claims that the effect is too small to be observed, our discussion supports the view that now may be an opportune time to consider such experiments if the difficulty of uniformly charging an insulator can be overcome. Alternatively, free-fall experiments could be performed in metal drift tubes to investigate the gravitationally-induced electric field predicted by Dessler et al. cavity of the shell. In this section, the electric field along the vertical axis is calculated for two cases: a uniformly-charged shell and a conducting shell with a non-uniform charge distribution. Consideration of a non-uniform surface charge density is motivated in Section 6.
A1. Uniformly-Charged Shell
For a shell with uniform charge density σ and total charge 4 , the vertical component of the electric field at any point , , in the interior of the shell is given by: when the appropriate substitution for σ is used. Thus, the electric field is constant along the vertical axis inside a charged shell with a uniform surface charge density.
A2. Conducting Shell with Non-Uniform Charge Density
In a conducting material, free electrons will move in response to the gravitational field until the net force on them is zero:
Here, is the gravitational force, is the electric force and is the total (i.e., net) force on conduction electrons. Each of these forces is associated with a potential: (A.10) (A.11) (A.12)
Since the net force is zero within the wall of the shell and at its surfaces, it follows that the total potential, , must be constant at these locations.
Next, observe that the gravitational potential, , is a solution of Laplace's equation:
Since the gravitational force is constant and uniform in the direction, it follows from Equation (A.9) that the electric force must be, as well. As a result, the electric potential is also a solution of Laplace's equation. The total potential, , which is a linear combination of and , must, then, also satisfy Laplace's equation.
0
(A.14)
The potential inside the cavity of the shell is determined using the fact that Laplace's equation tolerates no local maxima or minima; extreme values of the potential must occur at the boundary [52] . It follows that the total potential inside the cavity is the same as the potential at the shell surface. Thus, an electron inside the cavity would experience an electric force that would exactly balance the gravitational force. The electric field inside the cavity of the shell is given by: (A. 15) 
